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Abstract. Let M be a hyperbolic n-manifold whose cusps have torus cross- 
sections. In IFMIOI . the authors constructed a variety of nonpositively and 
negatively curved spaces as "27r— fillings" of M by replacing the cusps of M 
with compact "partial cones" of their boundaries. These 27r-fillings are closed 
pseudomanifolds, and so have a fundamental class. We show that the simplicial 
volume of any such 27r-filling is positive, and bounded above by ^"^^^"'^^ , where 
Vn is the volume of a regular ideal hyperbolic n-simplex. This result gener- 
alizes the fact that hyperbolic Dehn filling of a 3-manifold does not increase 
hyperbolic volume. 

In particular, we obtain information about the simplicial volumes of some 
4-dimensional homology spheres described by Ratcliffe and Tschantz, answer- 
ing a question of Bclegradek and establishing the existence of 4-dimensional 
homology spheres with positive simplicial volume. 



1. Introduction 

Simplicial volume was defined for manifolds by Gromov in jGro82| . For an 
n-dimensional closed manifold M of constant sectional curvature K = —1, the 
simplicial volume ||Af|| is proportional to the (Riemannian) volume Vol(M), and 
the ratio is the volume of a regular ideal hyperbolic n-simplex; in particular, it 
depends only on the dimension |Gro821 0.4]. More generally, |Gro821 0.3,0.5], for 
constants a < & < 0, there is a constant C = C(a, b,n) > 1 so that if the sectional 
curvatures K satisfy a < K < b, then 

(1) Vol(A/)/C < < CVol(M). 

This note is motivated in part by the (apparently open) question: 

Question 1.1. Fixv > 0, and let Mn.v be the set of (homotopy classes of) closed n- 
manifolds whose sectional curvatures are all negative, and whose simplicial volume 
is hounded above by v. Is Ain.v finite whenever n > 4? 

Some comments, fixing n > 4 and w > 0: 

• The set Ain,v contains only finitely many constant curvature manifolds, 
even up to diffeomorphism. This follows from Wang's finiteness theorem 
[Wan72| together with the proportionality of simplicial volume to hyper- 
bolic volume for closed manifolds (see, e.g., jBP921 C.4]). 

• Fix 5 > 0. The set Mn.v contains only finitely many diffeomorphism classes 
of manifolds with sectional curvatures K pinched between —1 and b. Indeed, 
as noted in the inequality ([T]), the curvature assumption — l<isr<6<0 
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together with an upper bound on the siniphcial volume gives an upper 
bound on the volume jGro82| 0.3, 1.2]. On the other hand, the condition 
— 1<K<0 together with the upper bound on the volume gives an upper 
bound on the diameter |Gro78[ 1.2] and a lower bound on the volume 
[Gro78[ 1.3 A]. Now, Cheeger's finitencss theorem applies [Gro781 1.4]. 

Thus if there are infinitely many diffeomorphism types of closed n- 
manifolds of bounded volume, with sectional curvatures < — 1, there can- 
not be any uniform lower bound on their sectional curvatures, so long 
as n > 4. So a negative answer to Question 11.11 would have to involve 
manifolds without uniformly pinched curvature. For n > 3 there do exist 
sequences of negatively curved manifolds whose curvatures cannot be uni- 
formly pinched. Gromov-Thurston |GT87| 0.5] describe a sequence {Vi} 
of negatively curved closed manifolds which are i-fold ramified covers of 
a fixed closed manifold V of constant negative curvature, and show the 
curvatures of the Vi cannot be uniformly pinched. We remark that such a 
sequence of ramified covers Vi must satisfy < i\\V\\ < \\Vi\\, so it does not 
imply a negative answer to Question ll.il 
• The sets Ma^v are infinite for large enough v, even if one restricts to con- 
stant curvature. This is because of Thurston's hyperbolic Dehn surgery 
theorem, and Thurston's theorem (which we generalize in this note) that 
volume decreases under hyperbolic Dehn filling. 

It is easy to extend the definition of simplicial volume to closed pseudomanifolds. 
This is explained in Section [2] (cf. |Yam97| ). Pseudomanifold versions of the bounds 
in ^ have been established by Yamaguchi |Yam97| Theorem 0.2 and 0.5] as follows. 
First, if X is an orientable rt-dimensional, compact, geodesically complete (locally) 
CAT(— 1) pseudo-manifold, then 

(2) Vol(X)<^-^||X||. 

Yamaguchi conjectures that the factor of (^^-i)'. ® '^^'^ replaced by the volume 
of a regular ideal hyperbolic n-simplex. Second, if X is an n-dimensional compact 
orientable geodesic space without boundary such that K > —1 in the sense of 
Alexandrov and X is "locally Lipschitz contractible" , then 

< l)"Vol(X), 

where Yo\{X) is the n-dimensional Hausdorff measure of X. Both bounds cannot 
be applied at once except in the manifold setting, since upper and lower curvature 
bounds can only coexist in a manifold. We do not use either bound in this paper, 
except in Remark 1 1 . 1 1 1 below . 

We do not answer Question 1 1.1[ but we answer the analogous question for neg- 
atively curved pseudomanifolds: 

Question 1.2. Let n > 4. Fix v > 0, and let Vn,v be the set of (homotopy classes 
of) closed locally CAT(—1) n-pseudomanifolds whose simplicial volume is bounded 
above by v. Is Vn,v finite? 

Specifically, we apply a "Dehn filling" construction to give a negative answer to 
Question 11.21 

Let M be a compact rt-manifold with boundary a union of m tori, whose interior 
V = Int(Af) admits a complete hyperbolic metric of finite volume. Let M = M 
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be a compact manifold obtained from V by removing horospherical neighborhoods 
of the cusps. The manifold M has m boundary components A^i, . . . ,Nm, each of 
which inherits a flat metric from the hyperbolic metric on Int(M). In |FM10j . we 
defined and studied fillings of M, which are topological spaces obtained by gluing 
the product of a torus with the cone on another torus to each boundary component 
of M . Here is an equivalent definition. 

Definition 1.3. For each i £ {1, . . . , m}, let Ti < Ni he a fc— dimensional subman- 
ifold which is totally geodesic in Ni. The (n — l)-torus Ni is foliated by parallel 
copies of Ti, with leaf space Vi homeomorphic to an (n — 1 — fcj) -dimensional torus. 
Let hi'. Ni ^ Vi be the quotient map, and define M(Ti, . . . , T„i) to be the quotient 
M/ ~, where x ^ x' if hi{x) = hi{x') for some i. The space M{Ti, . . . ,Tm) is 
called a filling of M. If all of the tori Ti have injectivity radius strictly larger than 
TT, M(Ti, . . . ,T™) is called a 2ii~filling of M . 

In case M is 3-dimensional, and each Ti is one-dimensional, fillings M{Ti, . . . , T™) 
are the same as ordinary Dehn fillings of M. In |FM10j . we generalize work in 
|BH961 ISch891 IMS97| (including the Gromov-Thurston 27r Theorem) to prove: 

Theorem 1.4. |FM10| Let M he an n- dimensional hyperbolic manifold as above. 
Every in-filling M(Ti, . . . ,Tm) of M admits a locally CATifi) metric, so the uni- 
versal cover is CAT(Q) with isolated flats. If every Ti has dimension at least n — 2, 
then M(Ti, . . . ,Tm) admits a locally CAT{—1) metric. 

Each filling of M is a closed pseudomanifold with singular set equal to a disjoint 
union of tori of dimensions n — (1 + dim(ri)), . . . n — (1 + dim(T!r„)) (sec Definition 
12.11 for these terms). In particular, its simplicial volume is well-defined [Yam97j . 
The main result of the current paper is that these fillings have positive simplicial 
volume, bounded above by the simplicial volume of M . 

Theorem 1.5. Let M be a compact n-manifold with boundary a union of {n — 1)- 
tori, and .suppose that V ~ Int(A/) admits a complete hyperbolic metric of finite 
volume Vol(V^). Let M{Ti, . . . ,Tm) be a i'K-filling o/Int(i\/). Then 

o< ||A/(ri,...,r„oil < 

where Vn is the volume of a regular ideal hyperbolic n-simplex. 

Corollary 1.6. The answer to Question ] 1. Si is "no," for v equal to the volume of 
any hyperbolic n-manifold with torus cusps. 

Proof. Let M, M, Ni, . . . , N„i be as in the discussion preceding Definition II. 31 For 
each i e {l,...,m}, choose a sequence {T!f}igN of totally geodesic codimension 
1 tori in Nj, all with inj > tt, and so that limi_>.oo inj (T/ ) = oo. Let Mi be the 
filling M{Tl, . . . , T™). Proposition 2.12 of jFMlOj implies that for any i only finitely 
many Mj have fundamental group isomorphic to ttiM^, so the set {M^jigN contains 
infinitely many homotopy classes. Theorem 11.41 implies that < ||Mi|| < for 
all i. □ 

Remark 1.7. In |RT05j . Ratcliffe and Tschantz describe some nonpositively curved 
4-dimensional homology spheres. These homology spheres are obtained by 27r- 
fiUing of a cusped hyperbolic manifold described by Ivansic in jlva04] . They seem 
to be the first exmples of 4-dimensional homology spheres with Riemannian metrics 
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of non-positive sectional curvature (see the paragraph after Remark 5 in jNWOOj ) . 
Belegradek in |Bel06j asked if these homology spheres have positive simplicial vol- 
ume. Our main theorem answers this question affirmatively, but the main part 
of our argument is to do with the upper bound on simplicial volume. The reader 
primarily interested in positivity of simplicial volume can stop with Subsection 12. II 
In particular, we answer Bclcgradck's question with Corollarv l2.5l at the end of that 
subsection. 

It would be interesting to get some further information on the possible volumes 
of fillings of M . Hyperbolic Dehn filling of a 3-manifold strictly decreases volume, 
and the volume difference goes to zero as the length of the filling slope goes to 
infinity (see jThuSOi 6.5.6] for strictness and |NZ851 iHKOSal IFKP08| for estimates 
of the difference). We conjecture that similar phenomena hold in higher dimensions. 

Conjecture 1.8. The volumes \\M{Ti^ . . . ,Tm)\\ accumulate on hut do not 

attain it. 

Question 1.9. Let e > 0. Is there some R so that if every torus Ti has injectivity 
radius bigger than R, then 

e < \\M{Ti, . . . ,r,„) < ? 

Vn Vn 

Question 1.10. Consider the set of fundamental groups of 27: -fillings of M as a 
subspace of the space of "marked groups" generated by some fixed set of generators 
ofniM. Is the simplicial volume a continuous function on this space? 

Remark 1.11. It is possible to analyze the metrics constructed in |FM10| and 
apply Yamaguchi's inequality ^ to deduce that the CAT(— 1) fillings of a fixed M 
have simplicial volume bounded away from zero, but this is about all we know for 
certain. 



1.1. Outline. In Subsection 12.11 we recall the definition of simplicial volume for 
manifolds and pseudomanifolds, and apply work of Mineyev-Yaman to obtain the 
lower bound in the main theorem. Subsection 12.21 and Appendix |B] are technical 
sections concerned with replacing singular chains by "symmetric" singular chains. 
The upper bound of the main theorem is proved in Section |31 In Appendix |X] 
we give a proof of the proportionality of volume and relative simplicial volume for 
cuspcd hyperbolic manifolds. 

2. Simplicial volume and duality 

In this section we recall the definition of simplicial volume for pseudomanifolds 
and set up some computational tools. 

2.1. Gromov norms. Let X be any space, and let ur E H^, {X; R) or uj E H^, {X, Y: M.] 
for some Y CZ X. The Gromov norm of oj is the smallest Z^-norm of a real singular 
chain representing w. 



= inf 




■ fc 



(Since this infimum may be zero, the "Gromov norm" is only a seminorm in general.) 
This quantity only depends on w and the homotopy type of the pair {X, Y). In the 
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absolute case, we can use it to define the Gromov norm of any lo G H^[G), where 
G is a discrete group, by choosing X to be a A'(G, 1). 

If uj is an integral cycle and rj is the canonical map from integral to real homology, 
then we set \\uj\\ ~ \\ii{uj)\\. 

The Gromov norm of a cycle can be computed via the pairing between bounded 
cohomology and homology: If a; G Hk{X) and iJ^'(X;]R) is the fc-dimensional 
bounded cohomology of X , then 



See |BP92[ Proposition F.2.2] for a proof. 

For M a closed orientable n-manifold, Gromov defined the simplicial volume 
\\A-[\\ to be the Gromov norm of the fundamental class in 7J„(M;R). For a man- 
ifold with boundary, it is natural to define ||M, i9M|| to be the Gromov norm of 
the fundamental class in Hn{M,dM ;]&.). It is clear from the definition that this 
volume only depends on the homotopy type of {M,dM). For closed hyperbolic 
manifolds the simplicial volume is proportional to the volume. More generally, if 
M is compact, and the interior of M admits a complete finite volume hyperbolic 
metric of volume Vol, then 



where Vn is the volume of a hyperbolic regular ideal simplex of dimension n. (See 
[BP92[ C.4] for the closed case; we show how to extend to the finite volume case in 
Appendix Rl) 

In [Yam97j . Yamaguchi extended the notion of simplicial volume to orientable 
pseudomanifolds, defined as follows. 

Definition 2.1. |Yam971 Definition 2.1] A locally compact, Hausdorff, locally ho- 
mologically n-connected space X is called an oriented n-pseudomanifold if it con- 
tains a closed subset S (the singular set) so that: 

(i) X \ S is an orientable n-manifold, 

(ii) dim(S') < n — 1, and 

(iii) dim(S' n X \S) <n-2. 

Remark 2.2. In this definition, we allow the possibility that S is not "really" 
singular. For example, X could be a manifold and S a codimension 2 submanifold. 
This is important in applying Proposition 12.31 to 27r-fillings which happen to be 
manifolds, as in Corollary [5?5] below. 

In [Yam97| Proposition 2.2], Yamaguchi shows that an oriented n-pseudomani- 
fold X has a fundamental class [X] in Hn{X) = iJ„(7ri(Ar)) so that the orientation 
cocycle /3 £ H"-{X) is dual to this class. For such a pseudomanifold X, the simplicial 
volume of X is defined to be the Gromov norm of [X], and written ||X||. 

If X is compact with CAT(— 1) universal cover, then X is aspherical and 7ri(X) 
is (word) hyperbolic jGro87| . In this case the orientation cocycle is cohomologous 
to a bounded cocycle by the main theorem of |Min02j . and so ||Ar|| > by the 
duality equation (jS]). 

If X is compact and the universal cover is CAT(O) with isolated flats, then X is 
again aspherical, but ■ki{X) is only relatively hyperbolic, relative to fundamental 
groups of images of flats in X jHKOSbj . In this case, we will need the following 
corollary of a theorem of Mineyev-Yaman: 



(3) 




\\M,dM\\ = —Vol, 
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Proposition 2.3. Let M be a closed orientable aspherical n-dimensional pseudo- 
manifold with singular set V C M which is a disjoint union of aspherical compo- 
nents V = U^iVi. Suppose that ni{M) is hyperbolic relative to the collection of 
subgroups {Tri{V^) | i e {1, . . .,n}}. Then \\M\\ > 0. 

Proof. The inclusion of pairs (M, 0) (M, V) gives a natural map 

H"(M,F;K) ^ iJ"(A/;M). 

Since dini(l/ M \V) < n — 2, the Mayer- Vietoris exact sequence shows this 
map to be an isomorphism (cf. jYam97( Proposition 2.2]). The main result of 
Mineyev-Yaman |MYj implies that the map 

is surjective, since 7ri(M) is hyperbolic relative to the fundamental groups of the 
components of V. Since M and the components of V are aspherical, this is the 
same as saying that the map 

(4) iJ^" (A/, R) ^ H" (M, V;R) = iJ" ( Af ; R) 

is surjective. It follows that the orientation cocycle of A/ is cohomologous to a 
bounded cocycle a. (The cocycle moreover can be chosen to vanish on chains in V, 
but we don't use this.) Equation ^ gives ||A/|| > — > 0. □ 

Applying Theorem II. 41 we immediately obtain the lower bound of Theorem II. 5 1 

Corollary 2.4. // A/(Ti, . . . , T„i) is a 2'K-filling as in Theorem ] 1.51 then 

||A/(Ti,...,T,„)|| >0. 

The special case of nonpositively curved manifolds obtained by 27r-filling of > 4- 
dimcnsional hyperbolic manifolds has been studied before us by Schrocder, Ander- 
son and others |Sch89i IAnd06j . Ivansic describes in |Iva04j a particular cusped 
hyperbolic manifold which is the complement of five linked 2-tori in the 4-sphere. 
Ratcliffe and Tschantz point out in jRT05| that appropriately chosen 27r-fillings of 
this hyperbolic manifold are homology 4-spheres. In |Bel06| Question 7.2], Bele- 
gradek asked if such fillings have positive simplicial volume. As a special case of 
12.41 above, we give an affirmative answer. 

Corollary 2.5. Every manifold obtained by 2'K-filling of an orientable hyperbolic 
n-manifold with torus cusps has positive simplicial volume. In particular, the a.s- 
pherical homology A-spheres constructed by Ratcliffe and Tschantz have positive 
simplicial volume. 

Theorem 11.51 gives further information (an upper bound) on the simplicial vol- 
ume. 

2.2. Symmetrization. It will be convenient in the arguments of Section [3] to as- 
sume that all chains considered are symmetric. Here we say what this means and 
justify the assumption. 

Consider the abstract n-simplex A". The symmetric group Sn+i acts in an 
obvious way on the vertices, and any permutation p S Sn+i extends to A" as an 
affine transformation. 

Let X be some space. Any singular simplex a: A" X can be altered by 
precomposition with some p G 5'„+i and the singular simpliccs a and a o p are 
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generally different, though if p is an odd permutation and q is an even one (so 
sgn(p) = —1 and sgn((j) = 1), we'd really like to think of crop as being the same as 
CT o q or (T, just with opposite orientation. We would also like to avoid the annoying 
bookkeeping which is standard when dealing with simplices. We therefore define 
the symmetrization map 

S: C,{X;R) C,{X;R) 

on singular n-simplices a by 

(5) ^('^) = r4TV ^ sgn(p)(aop), 

and extend linearly over C*(X;M). 

Lemma 2.6. S is a chain map, chain homotopic to the identity. Moreover ||5(c)|li < 
||c||i for any chain c. 

Proof. It is evident that norm does not increase. The chain homotopy is described 
in Appendix [BJ □ 

Define C^{X; R) to be the subcomplex of C^{X; R) consisting of chains in the 
image of S; the transformation S restricts to the identity on this subcomplex. 
Lemma 12.61 implies that in computing Gromov norms, we may as well restrict 
attention to Cf (X; R). 

Suppose X has the structure of a simplicial complex (or more generally just a 
CW complex so that each cell is a simplex, and so that each restriction of a gluing 
map to a face is afhne) with triangulation T. 

Definition 2.7. We call a singular simplex a: A" X affine ii a ~ t o a where 
a: A" — )• A*"' is some affine surjection taking vertices to vertices, and t is the 
characteristic map of some fc-simplex of T. A linear combination of affine simplices 
is an affine chain, and so on. 

Remark 2.8. There is a nice inclusion 

CTiX;R) Cf (X;M) 

of simplicial chains C]'{X; R) given by sending a simplex of X to the symmetrization 
of its characteristic map. This gives a way to think of simplicial chains as symmetric 
affine singular chains. 

In fact, the image of the map i from Remark 12.81 contains all of the symmetric 
affine simplices; the symmetrization of an affine simplex which drops dimension 
must vanish: 

Lemma 2.9. Let X have a triangulation T, and suppose that a is an affine singular 
n-simplex with image in the {n — l)~skeleton of X . Then S{cr) = 0. 

Proof. Since a has image in the [n — l)-skeleton, there must be a pair of vertices 
{vi, Vj} of the standard simplex A" which are identified by a. Let p be a permuta- 
tion of the vertices of A" , and let r be the transposition switching Vi and Vj . The 
maps a o p and a o t o p are the same as singular simplices, but the permutations 
p and Top have opposite signs, so the terms sgn(p)((T o p) and sgn(T o p)((7 o rp) 
cancel in the sum ([5]). □ 
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3. Main result 

In this section we prove the main result, Theorem 1 1.5 1 The strategy is to modify 
an efficient relative fundamental cycle for (M, dM) to a fundamental cycle on the 
filling, without increasing norm by too much. 

Lemma 3.1. Let X be a topological space. Let c G C„(X;R) be homologous to a 
rational chain, and let e > 0. Then there is some c' € C„(X;Q) homologous to c 
so that ||c' — c||i < e. If c is symmetric, c' can be chosen to be symmetric. 

Proof. By assumption, there is some / G C,i+i(X;R) so that c + df E Cn{X;Q). 
Since C„+i(X;Q) is dense in C„+i(X;R), there is some /' e C„+i(X;Q) with 
11/ - /'II < The chain c' = c + d{f - /') satisfies ||c' - c|| < e, since ||9„+i|| = 
n + 2. 

If c is symmetric, we can take / and /' to be symmetric in the above argument, 
and it will follow that c' is symmetric. □ 

Definition 3.2. Let T be a finite triangulation of a space X, and let T' be its 
barycentric subdivision. The (closed) star neighborhood of a simplex t of T is the 
union of those simplices of the subdivision T' intersecting r. A point in the interior 
of an n-simplex of X lies in at least one closed star neighborhood of a vertex, and 
in at most n + 1 such closed stars. 

The open star neighborhood of a simplex is the interior of its star neighborhood. 
(So the open star neighborhood of a simplex does not include its proper faces.) The 
open star neighborhoods of the simplices of T form an open cover of X . 

Let a : A" — >■ X be a singular simplex. We say a is small with respect to T if 
the image of a is contained entirely in the open star of some vertex of T'. 

A singular chain will be called small if all its simplices are small. 

Given an order on the vertices of T there is a canonical way to homotope a small 
chain to an afhne chain, as we describe in the next lemma. 

Lemma 3.3. Let X be a space with a (combinatorial) triangulation T, and let <j- 
be a total order on the vertices of T. Canonically associated to any small singular 
simplex a : A" — > X are 

(1) a "straightened" affine simplex a{a), and 

(2) a homotopy ft{<y) so that fo{a) = a and /i(cr) = a{a), 

so that if F is a face of A" , then a{cr\F) = a{cr)\F and ft{(T\F) = /t(cr)|-F. (In 
other words, homotopies on a face depend only on that face, so a cycle remains a 
cycle throughout the homotopy.) Moreover, if a is invariant under precomposition 
with an affine map t, so are a{a) and ft(<j)- 

Proof. The idea is illustrated quite well by the figure given in the proof of Propo- 
sition 6.5.1 in Thurston's notes |Thu80| . We give a little more detail. (The figure 
given there is not of a combinatorial triangulation. In that case a total order on 
the "corners" of the simplices must be given, rather than on the vertices. We avoid 
this complication here by assuming a combinatorial triangulation.) 

We begin by defining the straightening a{a). For x € X define n{x) to be the 
least vertex w of T so that x is in the closed star neighborhood of v. Let {wq, • ■ • , v„} 
be the vertices of the standard simplex A". Since a is small, the image of a lies in 
the open star neighborhood of some simplex t of T. (In fact there may be several 
choices for r, but the maps a{a) and /t(cr) we define will not depend on the choice.) 
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It follows that n{a{vi)) is a vertex of r for each i. We define a{a){vi) ~ n{a{vi)) 
and then extend to an affine map a((T) : A" — > r. It is clear that if F is a face of 
A" we have a{a\F) = a{a)\F. 

We now must define the homotopies ft{cr). For each x G A", we let t{x) be the 
unique simplex of T so that 

(1) a{x) £ t{x), and 

(2) t{x) has minimal dimension subject to ([T|). 

Since t{x) lies in the open star neighborhood of r, the simplex t is a face of t[x). 
Thus both (j{x) and a{a){x) lie in t{x). Convex combination is well-defined for 
points in the same simplex, so we may take, for t G [0, 1], 

ft{(j){x)^{l-t)a{x)+ta{a){x). 

The reader may check that ft is well-defined, continuous, and satisfies the property 
ft{(7\F) = ft{<y)\F for each face of A". 

Finally, we note that if r is some affine map from A" to itself so that a o t ^ 
then a{a o t) ~ a{(T) and therefore ft{<7 o t) ~ ft{<^) for all t. □ 

Lemma 3.4. Let N be a manifold, and let T be a triangulation of dN . If c € 
Ck{N;W) is a relative singular cycle in {N,dN) so that dc is small with respect to 
T, then c is (relatively) homologous to c' with ||c'||i < ||c||i and dc' an affine chain. 
If c was symmetric, then so is c! . 

Proof. The chain c is a finite linear combination c = '^i'^i of singular simplices 

ai : A'^ — >■ A^. The idea is to "preassemble" the simplices to get a map 4>: Kc ^ 
N from a certain CW complex Kc, so that c is cj)^ of a linear combination of 
characteristic maps. We can use Lemma to homotope the "boundary" of Kc to 
a simplicial map, and then apply the homotopy extension property of CW pairs. 

More precisely, let J ~ {1, . . .m'}/ ^, where i ^ j if ai — aj o q for some 
permutation q. We define 

(6) ^^c=fU4l)/- 

\[i]eJ J 

where xi ^ X2 whenever there arc (fc — l)-dimcnsional faces Fi C ^jij^j and F2 C 
Af^^^ satisfying 

(1) Xj e Fi for j e {1,2}, and 

(2) there is an affine map r: Fi ^ F2 so that t{xi) = X2 and ai-^ \Fi = cii^ o r. 

That is, if two singular simplices agree on a codimension 1 face, we glue the corre- 
sponding faces together in Kc- Moreover, if a codimension 1 face is unchanged by 
precomposing with some isometry, we identify the face to itself by the correspond- 
ing symmetry. We thus obtain a CW complex K^ and a map : Kc — > N given by 
(j)[x) = ai{x) where x E ^[i]- ^^'^ complex Kc we can canonically build a chain 
c made up of "characteristic maps" A|^^j — > Kc so that 

c = 

If c was symmetric, then so is c. 

The boundary dc is supported in some minimal subcomplex of K^ which we'll 
refer to as dKc. Because c is a relative cycle, the map (j) described in the last 



10 



K. FUJIWARA AND J. F. MANNING 



paragraph is really a map of pairs 



0: {K,,dK,) ^ {N,dN). 



After fixing some total order on the simplices of T, Lemma |3 .31 gives a homotopy 
in ON of (j>\dKc to a "simplicial" map ip; this map is simplicial in the sense that if 
F is any face of one of the simplices A|^j used to define Kc, and ii lf is the inclusion 
map, then (j)o bp is affine, with image in a single simplex of T ■ 

By the homotopy extension property of CW pairs, the homotopy from (t)\dKc to 
-0 can be extended to all of Kc- Let 



We need to show that tori can be triangulated so that every simplex of diameter 
much smaller than the injectivity radius is small. Say that a triangulation of a torus 
is K-fat if every singular simplex of diameter less than K is small with respect to 
that triangulation. 

Lemma 3.5. For each d > 1 there is a constant < Kd < I so that every flat 
torus of dimension d with injectivity radius R has a {KdR)-Jat triangulation with 
td = 2'^d\ simplices. 

Proof. Let T be a flat d-torus, which we can think of as R'^/A, where A is some rank 
d lattice. Every such lattice has a Lovasz-reduced basis jLLL82j B = {vi, . . . , v^}. 
For k £ {1, . . . , d} define Ok to be the angle made by Vk with the subspace of R'* 
spanned by the rest of the basis. Babai jBab86| showed that, for all k. 



Any basis S of A gives rise in a canonical way to a triangulation 7b of T with 
td simplices given by the first barycentric subdivision of the parallelepiped spanned 



Let V be the set of all ordered bases of lattices in M'^, topologized as a subset of 

,2 

R , and let F : V ^ M+ be the function which sends B to the least real k so that 
7e is fc-fat. The number F{B) is also the least number k so that triangulation of 
M."^ covering Tg is A:-fat. We note the following useful properties of F: 

(1) F is continuous and positive everywhere on V. 

(2) If A G R+ and BeV, then F{XB) = \F{B). 

(3) If there is a length-decreasing map from B to B' then F{B) > F{B'). 

Let U C V he the set of bases consisting of unit vectors, any two of which make 
an angle with sin(0) > (^^^^ • Since U is compact, F takes some minimum, 

positive value L on U. We will show that every torus of injectivity radius > 1/2 
has a triangulation which is L-fat. Linearity of F (property ([2]) above) then implies 
the lemma for Kd = 2L. 

Let T = R'^/A be a torus of injectivity radius at least 1/2. A Lovasz-reduced 
basis S = {vi, . . . , Vd} for A has all angles between basis vectors within [7r/3, 27r/3], 



$t : K,^N,te [0, 1 
be this homotopy, with $o ~ 4'- The chain 

has all the properties we want. 



□ 




by B. 
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by Babai's result. Since the injectivity radius of T is at least 1/2, there is a distance- 
decreasing map from S to a basis in U , namely 

vi Vd \ 

iiviii"--'iiv.iir 

Property ^ above tells us that F{B) > F{B') > L, so the triangulation 7e is 
i-fat, and the proof of the lemma is completed. □ 

Lemma 3.6. For each d > 1 and each s there is a constant K{d, s) so that any 
null-homologous real singular s~cycle z in a d-dimensional torus bounds a singular 
(s + \)-chain c with 

\\c\\,<K{d,s)\\z\\, 

Proof. We follow the proof of [ThuSOl Proposition 6.5.1], which discusses the case 
d = s = 2. Let r be a d-dimensional torus, and let z be an s-cycle. Since there 
are only finitely many singular simplices in z, their lifts to the universal cover 
have diameters bounded by some D > Q. Let Kd be the constant from Lcmma l3.51 
and let T T be some cover of T with injectivity radius bigger than D/ Kd- By 
Lemma |3.5[ there is a triangulation T of T with td simplices so that if ct : A'' — > T 
is any lift of a singular simplex appearing in z, then a is small with respect to T (in 
the sense of Definition 13. 2p . The proof of Lemma 13.51 shows that the combinatorics 
of this triangulation arc independent of the particular chain z and the cover T. 
Write C*(X) for the real singular chain complex of X. There is a transfer map 

trans: C^T;^) C^(T;R) 

which sends any singular simplex to the average of its lifts. The map trans is 
an isometric embedding with respect to the l^ norm. The map iry. C*(r;M) — > 
(T; R) induced by the covering is norm decreasing and (ttj o trans) is the identity 
map. 

By the choice of T and T, the chain trans(z) is small. By Lemma 13. 3i the 
simplices of trans(2) can be homotoped simultaneously and consistently to the 
affine singular simplices making up the singular chain a(trans(2)). Triangulating 
this homotopy in a standard way, we find that trans(z) — a(trans(2)) bounds an 
(s + l)-chain ci in T, so that 

llcilli < Ci||z||i 

for some constant Ci depending on the dimension s but otherwise independent of 
z. The space of affine real singular s-boundaries B is finite dimensional, and only 
depends on the combinatorics of the triangulation T- 

The affine filling norm ||6|jfiii on B is defined, for a boundary b € B, to be the 
smallest /^-norm of an affine (s + l)-chain bounded by b. Let 

C2{d, s) = sup{||6||fln \beB and ||5||i = 1} , 

and note that C2{d, s) only depends on the combinatorics of T. 

The boundary a(trans(z)) bounds an (s + l)-chain C2 in T of ^-'^-norm at most 
C2(d, s)||a(trans(z))||i < C2||2;||i. Thus we have 

trans(z) = 9(ci + C2) 

and 

z = 7r[j(9(ci + C2)) = i9(7rtj(ci + C2)) 
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and 

lkB(ci+C2)||i < i|ci+C2||i < (Ci(s)+C2(d,s))|lz|ii. 

□ 

We now prove the main theorem. 

Proof of Theorem \1.5\ We suppose that M is a compact n-manifold with boundary 
a union of tori, so that the interior admits a complete hyperbohc metric of finite 
volume. We fix a 27r-filling M(Ti, . . . , Tm)- To prove the theorem we must show 

0<||M(Ti,...,r„,)|| <^^^, 

Vn 

where Vn is the volume of a regular ideal hyperbolic n-simplex. 

The lower bound follows from jMY| and is given above in Corollarv l2.4l 
We now establish the upper bound. The strategy is to first choose a symmetric 
representative cq for the (relative) fundamental class of (M, dM) which is close to 
optimal, and then modify it to obtain a fundamental class Cg for M (Ti, . . . , r,„). If 
such a modification can be done in such a way that |cg|i is within some arbitrarily 
small constant of ||Af, 9M||, then we will have shown: 

||Af(ri,...,T™)|| < \\M,dM\\ 

The first step is to pass to a rational cycle. Let e > 0. Let co G C,i(A/;]R) be a 
real symmetric singular relative cycle representing [A/, dM] , and satisfying 

(7) !|co||i < ||A/,OA/|| +e 

By Lemma |3.1[ there is a symmetric rational singular relative cycle ci € C„(Af ; Q) 
homologous to cq with |jci — co||i < e. 

We now pick a finite cover and triangulation of the boundary so that dci lifts to 
a chain which is small with respect to that triangulation. Let t„_i = 2"^^ (71 — 1)!. 

Claim 3.7. We can choose a finite cover M M and a triangulation T of dM 
satisfying the conditions: 

(1) The restriction of t: to any component of dM has degree bigger than m/e, 
where m is the number of cusps of M. 

(2) //trans: C*(Af;M) — >■ C*(A/;]R) is the transfer map, then trans(9ci) is 
small with respect to T. 

(3) Each boundary component of M is triangulated by {n — l)-simplices. 

Proof. The compact manifold M is homeomorphic to M as described in the intro- 
duction, a hyperbolic manifold minus a union of disjoint horospherical neighbor- 
hoods of its cusps. We identify M with M. Any simplex in the support of dci 
therefore lifts to H". Only finitely many such simplices occur, so there some num- 
ber r bounding the diameter of any such lift. Residual finiteness of ttiM implies 
that wc can pass to a finite cover Af — >■ Af so that 

(1) Every boundary component of Af has injectivity radius bigger than r/Kn-i, 
where Kn^i is the constant from Lemma 13.51 s-nd 

(2) Every boundary component N of M has area at least m/e times more than 
the area of the component of dM covered by N. 

Lemma 13.51 implies that dM admits an r-fat triangulation with tn-i {n — 1)- 
simplices per component so that singular simplices lifted from dc are all small 
respect to this triangulation. □ 
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Let D be the degree of the cover coming from Claim 13.71 Since ci is rational 
and symmetric, trans(ci) must also be rational and symmetric. In particular, 

trans (cij = -C2 

q 

for some integral symmetric chain C2 € Cf{M;Z) and some positive integer q. 
Homologically [02] = ^[M,dM] in Hn{M,dM;R). Since trans: C*(M;R) 
C*(A/;]R) is isometric, ||c2||i = (7||ci||i. 

Since trans(9ci) is small with respect to T, the chain dc2 is also small with 
respect to T. Using Lemma 13.41 we find a symmetric integral chain C3 with Ijcalji < 
||c2||i so that C3 is (relatively) homologous to C2 and so that dc^ is an affine chain, 
i.e., dc3 e C,T_i(9Af;Z). 

Let Ni, . . . , Np be the boundary components of M. We have [03] = j)[M, dAI] 
in Hn{M,dM) and [^03] = ;§ELi[^d in H„-iidM). 

The cycle dc^ is symmetric, affine and represents times the fundamental class 
of dM. By Lemma 12.91 dc^ has no "degenerate" affine simplices in its support. 
It follows that 9c3 consists of exactly appropriately oriented copies of every 
(n — l)-simplex in T. 

Each of the p boundary components of M is triangulated with exactly tn~i 
simplices of dimension n — 1 . We therefore have 

II^Cslli ^ptn-lj^. 

For each i between 1 and n, the ith boundary component of M is covered by pi 
boundary components of M, so that p = ^^Pi- The degrees of these components 
are dn, . . . , dip-, and J2jPij = ^ each i. Since each dij > '^^ get 

D>p^-yi, 

e 

which implies that mD > p^, and so p < eD. We therefore obtain 

ll^cslli < etn-iq. 

Projecting C3 back down to M gives a chain C4 with [04] = q[M, dM] in relative 
homology, and with 

||c4||l < llcslll < i|c2||l = g||ci||l, 

and with 

||9c4||i < ||9c3||i <et 
Dividing by q we obtain a fundamental cycle c = for [il/, dM] satisfying ||c||i < 
||M,5M|| + 2e and ||ac|li < i„_ie. 

Now we will take this relative cycle c for [AI, dM] , and modify it to an honest 
cycle in M(Ti, . . . , T^). We start by pushing it forward from M to M(Ti, . . . , T„) 
by a map of pairs 

h: (M^dM)^ {M{Ti,...,T^),Z), 

where Z is the singular set of M{Ti, . . . , T„i) and h is the quotient map described 
in Definition 1 1.31 (Here we are implicitly identifying M with the space M described 
before Definition 11.31 ) Let dh be h restricted to dM. The chain {dh)^{dc) is an 
[n — l)-cycle in Z . Lemma l3 . 61 implies there is some K depending only on n so that 
{dh)^{dc) can be filled in Z with a n-chain c' satisfying ||c'||i < K\\{dh)^{dc)\\i < 
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Ktn-ie. It is easy to check that h^c — c' is a fundamental cycle for M(Ti, . . . , Tm)- 
Moreover, we have 

llV-c'lli < |lA/,aA/|l + (2 + /a„_i)e. 
Letting e tend to zero, we have established 

||M(ri,...,r™)|i < \\M,dM\\. 

An application of the proportionality theorem for finite volume hyperbolic manifolds 
(Theorem lA.ip gives the upper bound: 

ll„p.,„.^,r..,ll<^^ 

Vn 

□ 

Appendix A. A proportionality theorem 

The purpose of this appendix is to establish the following proportionality theo- 
rem. 

Theorem A.l. Let M he a manifold with boundary, so that the interior V of M 
admits a complete hyperbolic metric of volume Vol(F) < oo. Then 

Thurston gives a proof in dimension 3 of a version of theorem lA.ll in his lecture 
notes jThuSOi 6.5.4], where the norm 9iVf|| is replaced by one coming from 
measure homology. There is a natural map from singular homology to measure 
homology, which at least does not increase norm. Zastrow and Hansen indepen- 
dently showed this map to be an isomorphism of vector spaces for any CW pair 
[Han98[ IZas98j . leaving open the question of whether it was an isometry. Loh 
[Loh06| proved that the map from (absolute) singular homology to measure ho- 
mology is an isometric isomorphism for all connected CW complexes. Since it is 
not entirely clear whether measure homology is isometric to singular homology in 
the relative case, we give a proof of Theorem I A. 1 1 which avoids measure homology. 
Such a proof can also be obtained as a special (and simpler) case of the arguments 
in Frigerio-Pagliantini |FP10| . Some related ideas may be found in Francaviglia 
[Fra04j . 

Our proof of Theorem lA.ll follows closely Benedetti and Petronio's proof of 
[BP92[ C.4], which covers the case of dM = 0. As some parts of our proof are 
identical to steps in |BP92| . we refer to that text for some details. The proof in 
[BP92] uses ordinary real singular chains, rather than symmetrized ones, so we do 
not symmetrize our chains here. 

We use the following notation for parts of the manifold V: For / C ]R>o, we 
let Vi be the subset of V consisting of points x G V where the injectivity radius 
inj(y, x) is in /. 

Definition A. 2. Let M be a Ricmannian n-manifold, and let a: A" M be 
a smooth singular simplex. The algebraic volume of a, written algvol(cr) is the 
integral over A" of the puUback of the volume form on M. The algebraic volume 
is extended to smooth chains by linearity. 

Obtaining the correct lower bound for simplicial volume is fairly easy. 
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Lemma A. 3. ||A/,9A/|| > 

Proof. This direction is Thurston's "straightening" argument |Thu80[ 6.5.4]. For 
any sufficiently small e > 0, the subset V(o,e] is an open neighborhood of the cusps 
of V. Collapsing the components of V(o,e] to their boundaries gives a homotopy 
equivalence of pairs {V, V(o,e]) — >■ {M, dM). Since the Gromov norm of a (relative) 
homology class is homotopy invariant, we can use chains (V,V(o,c]) to compute 

\\M,dM\\. 

The straightening map (see [BP92j or [Rat94| for a precise definition) is a chain 
map 

str: C^V) C^V), 

chain homotopic to the identity, and taking each singular simplex to a totally 
geodesic simplex with the same vertices. The map str preserves the subspace 
C*(V(o,e]) (because horoballs are convex), as does the chain homotopy between str 
and the identity, so str induces a (norm-decreasing) chain homotopy equivalence of 
C*(y, V(o,e]) to itself. It follows that we need only consider straight (and therefore 
smooth) chains. 

If z = XiCTi is a real smooth chain representing the relative fundamental class 
[F,T/(o,,]], then 

k 

algvol(z) = algvol(CT,;). 

i 

The absolute value |algvol(z)| is at least as big as Vol(V[e.oo)), the volume of the 
thick part of V. 

Let Ze = X^i^ AiCTi be a straight real singular chain representing [V, V(o,e]] which 
e-nearly realizes 9M||, i.e., so that 

||z,||i < \\M,dM\\+e. 

We then have 

k 

(8) Vol(V[,,oo)) < |algvol(z,)| < J2 = ll-^^lli"" ^ {\\M,dM\\ + e)w„. 

i=l 

Letting e tend to zero in yields the lemma. □ 

It is worth noting that essentially the same proof establishes the bound of Lemma 
IA.3l for measure cycles. 

To obtain the upper bound for simplicial volume, we must construct chains repre- 
senting the fundamental class which are "close" to the smeared chains from measure 
homology. The argument from |BP92j in the closed case uses rather strongly that 
there is a compact (and therefore finite diameter) fundamental domain. We work 
around this by chopping the fundamental domain into pieces of bounded diameter. 

Proposition A.4. \\M,dM\\ < -5^^ 

Proof. We suppose that V is an oricntablc finite volume hyperbolic n-manifold 
with TO cusps, homeomorphic to the interior of M. Let F < Isom(H") be the 
fundamental group of V, so that ]HI"/F = V. Let D be the closure of a convex 
fundamental domain for the action of F on H", and let tt : D ^ V he the quotient. 
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There is a number ^ > so that V(o,e] has exactly m connected components 
for any e < ^. Let Pq Q V he equal to V(p.oo)i choose some a;o € Po- The 
complement of Pq in V is a union of cusp neighborhoods Ci , . . . , C„ . 

Let Dq = 7r~^(Po) C D, and choose ip in the interior of i?o- Let xq = tt{xo) G Pq. 

For each / S N, and each j S {1, . . . , to}, we let 

Pj^i = {x e V \ I - 1 < d{x, Pq) <l}n Cj, 

and let Dj i = Tr^^{Pj,i) C D. We will refer to any F-translate of Dq or Djj as a 
piece. 

There is some d > so that diam(_Dfj) < d for every piece C H". For 
each I £ N and each j E {l,...,m}, choose Xj^i in the interior of Dji and let 
Xj^i = ■K{xj^i). The union of the F-orbits of xq and the Xj^i can be identified in an 
obvious way with 

f FU (F X {1,. . .,m} X N) . 

(This is essentially the 0-skeleton of the "cusped space" of |GM08j associated to 
the pair (F, {ni{Cj)}) .) Vertices of F have a depth associated to them: The depth 
of an element of F is 0, and the depth of an element of F x {1, . . . , m} x N is given 
by the third coordinate. The group F acts on F by left multiplication in an obvious 
way, and this action preserves depth. 

We let Vl be the quotient r\f"+^ For fc > an integer, let f ^ C f be the 
subset of vertices of depth at most k. Let ~ TJJ^^, and let fi/j C 1^ be the set of 
F-orbits in fi^. 

For any element lo = [{yo, . . . , j/n)] G 51, there is a unique straight simplex 

: A" ^ y 

which is equal to the composition of a simplex : A" — >■ H" satisfying di^{vi) = yi 
with the projection H" — V . (Here Vi is the ith vertex of the n-simplex A".) As 
in |BP92j . we define 

S{R) = {{uQ, ...u^)E (H")"+i I d{u,, uj) = i?, Vz ^ ]} = S+iR) U 5_(i?), 

where 5+ and S- are those tuples which determine positively and negatively ori- 
ented straight n-simplices in H", respectively. There is a measure on S{R) coming 
from Haar measure on Isom(H"), and we denote this measure by to. For 

^ = [{yo, ■ ■ ■ ,yn)] e ^, 

and i? > 0, we define 

a^(a;) — m ({(uq, ■ ■ . , w„) G S^{R) \ Ui and yi lie in the same piece}) . and 

a^{u]) = TO ({(mq, . ■ . , Un) e 5_ (i?) I Ui and yi lie in the same piece}) . 

Obviously these definitions do not depend on the choice of representative of w. 
Moreover, for a given R and fc, there are only finitely many oj g Vlk for which aj(w) 
or a~^{uj) is nonzero. (This is because there are only finitely many elements of F 
which are distance approximately R from a given element of F.) It follows that if 
we define ai{{uj) :— ci'^{i^) — a^(ci;); then 

ZR.k = ^ aR{oj)au, 
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is a finite real singular n-chain in V. Moreover, we claim that 
(9) zr^oo = ^ aji{uj)a^ 

is a locally finite real singular n-chain. Indeed, let p € V, and r > 0. Wc must show 
only finitely many simplices in the support of z/j.oo (i-c., occurring in the sum ([9]) 
with nonzero coefficient) intersect the ball of radius r about p. Let p be any point 
in TT^^{p) C -D, and note that any simplex cr^j in the support of zr^oo must lift to 
one which comes within r of p, and whose vertices are therefore within R+2d + r of 
p. As there arc only finitely many such vertices, there are only finitely many such 
simplices a^^ in the support of z_r,oo- 

Claim A. 5. The chain zr^oo is a locally finite cycle. 

Proof. We have just argued that zr^^o is locally finite. The proof that zr^^o is a 
cycle is nearly the same as the proof of Claim (ii) on pp. 115-116 of |BP92j . except 
that sums/unions over T are replaced by sums/unions over F, and conditions of 
the form "ui € li{D)" are replaced by "wi £ D{i)" for appropriately chosen pieces 

D{i). a 

For fc G N, let e(fc) be the smallest injectivity radius at any point in a piece of 
depth at most k, i.e.. 



£{k) = inf < inj(y, x) 



It is not hard to see that as k — > oo, the quantity e(fc) tends to zero. In particular, 
there is a constant C so that if fc > C, then e(fc) < fi. 

Claim A. 6. Let R > 0, and let C be such that e(fc') < /i for all k' > C. If 

k>R + C + 2d+l, then ZR_k is a relative cycle in (V, V(o./j]). 

Proof. Suppose an (n — 1) -dimensional simplex a is in the support of dzR^k- By 
Claim [XTSl a must also be in the support of d(zR^aa — zr^u), so any lift tr of (t to 
H" must have a vertex mapped to F \ F^. The diameter of the image of a is at 
most R + 2d. Thus the vertices lie in F \ Tk' for k' = k — \R + 2d\ > C, and no 
part of the image of a lies in a translate of the "fat piece" Dq. Since e(fc') < /i, ct 
has image in the part of V with injectivity radius less than fi. □ 

Claim A. 7. If R > 2d then aj(cj) • a^(cj) = for all cj e O. 

Proof. This statement (and its proof) are identical to Claim (iii) on pp. 116-117 
of [BF92| . □ 

Claim A. 8. There is a quantity 5{R) > so that limfl_j.oo ^{R) = and so that 
the simplices in the support of zr oo M have volume at least w„ — 6{R). 

Proof. This statement is a slight rephrasing of Claim (iv) on p. 117 of |BP92] . The 
proof is the same. □ 

Claim A. 9. If R > 2d and qrIuj) ^ 0, then aii(Lij)algvol((T;^) > 0. 

Proof. See Claim (v) on p. 117 of jBP92] . ClaimE7]is used here. □ 
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Claim A. 10. Suppose R > 2d + C and k > 2R + 1, where C is the constant 
from Claim [ATfil The classes [zr^oo] G HI/{V;M.) and [zR^k] <= Hn{V,V(^o^fj;\;M.) are 
nontrivial. 

Proof. See Claim (vi) on p. 117 of jBP92| . The point here is just that some element 
of S{R) is a tuple of interior points of pieces corresponding to some tuple so that 
there is an open (and therefore positive measure) neighborhood of tuples of points 
all corresponding to the same tuple lo. □ 

We now complete the proof of the Proposition. Suppose R > 2d + C and k = 

r2i?i + 2. 

It follows from Claim lA.lOl that there is some A > so that A[zoo,fi'] is the 
fundamental class in the locally finite homology group Hlf{V;M.) and some A' so 
^'[zk,R] is the fundamental class in V(o,e] ; R)- In fact we must have A' — A, 

since both A[2;oo,_r] and X'\zk,R] restrict to the orientation cycle at ccq, and the set 
of simplices in the supports of z^^r and Zao,R which intersect a small neighborhood 
of xo is the same. 

It follows from Claim ETOl that algvol(2;fc,ii) < algvol(zoo,_R)- Moreover, an easy 
argument shows that if c is a locally finite fundamental cycle for V, then Vol(T^) = 
algvol(c). We therefore have: 

Yol{V) > algvol(Azfe,fl) 

= ^ Aa_R(iu)algvol((T^) 

= ^ X\aR{Lu)\ ■ |algvol(a^)| bylMl 

> {v,, - 5{R)) MM^)\ byESl 

= ivn-SiR))\\\zk,R\\i > ivn-SiR))\\M,dM\\, 

since Xzk^R gives a representative for the fundamental class of (A/, dM) via the 
homotopy equivalence of pairs (V, V(o,;i]) —J- {M,dM). Letting R tend to infinity, 
Claim ETSl savs that S{R) tends to zero, so we have 

Vol(V^) > v„\\M,dM\\, 

and the proposition is proved. □ 

Lemma IA.3I and Proposition IA.4I together immediately imply Theorem lA.ll 

Appendix B. (Anti)Symmetrization of chains 

In this section we prove that the chain map S defined in Section 12.21 is chain 
homotopic to the identity. 

We let A" denote the standard n-simplex, and begin by defining a "coning" 
operator for all n and k 

Cn-. Cfc(A";R)^Cfc+i(A";R). 

We define c„ on a singular fc-simplex -0: A*^ — >■ A" and then extend by linearity. 
Let i: A'^ — >■ A'^+^ be the affine map taking each vertex of A*^ to the vertex 
Ci+i of A'^^^; the vertex eg is the only one missed by t. Each point in A'^+^ is 
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uniquely expressible convex combination of some point in /-(A*^) with eg. Let mn 
be the barycenter of A", and define 

CnW (ieo + (1 - t)iix)) = tmn + (1 - t)ijj{x). 

In words, Cniip) is ip coned to the barycenter to„. The key fact about c„ is that for 
any chain a E C/c(A";R), we have 

(10) dcn{a) = a ~ Cn{da). 

(In other words, c„ is a chain contraction of C*(A";M).) 

We use the coning operator to inductively define an element /x„ £ C„+i(A";R), 
and, for any space Y, a map 

Pi^': C„(y;M)^C„+i(r;R). 

As in the definition of symmctrization, we abuse notation by using q € Sn+i to 
denote the unique affinc map from A" to itself which is equal to q when restricted 
to the vertices. We start with /ig = 0, and Pq = for all Y. We may assume P^^i"* 
has been defined, and set 

(11) ,n ^ 



— ^ sign(g)c„(g)| -c„(lA0-c„(Fi^?(5lA")) 



For any space Y, we define P„: Cn{Y;S.) — > Cn+i{Y;M.) on simplices, and then 
extend linearly; for : A" — > y a singular n-simplcx, define 

(12) Pf)(0) = ^j(A.„). 

The maps Pn ^ commute with continuous maps: 

Lemma B.l. // /: X ^ Y is any continuous map, and n is an integer, then 

Proof. Since all the maps involved are linear, it suffices to verify this for a single 
singular simplex 0: A" X. We have: 

(/« ° ap^)(0) = fMf^n) = if o cj,)M = pr(/ ° 0) - (p5^ o fm- 

□ 

Lemma B.2. as defined in equation (|12p is a chain homotopy between S and 

lc.(X;R)- 

(X) 

Proof. In this proof we'll write Pf. as Pfc. 

It suffices to show that, for each n and each singular n-simplex 0, 

dP,,{(f>)^S{(f,)~cb^Pn-l{dcb). 

For n ~ 0, this is immediate, so we suppose that n > and argue inductively. We 



compute from ()T2|) and ()10p . 

ap„(0) 



(tc~~~i Y1 sign((?)((?-c„(ag)) 



1a" +c„(51a") - P„-i (51a" ) + c„9 (Pi^? (aiA 
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By induction on n (and the fact that = 0) we have 



so we can rewrite 



9Pi^P(aiA") = 5(aiA")-5iA" 



1a" + c„(aiA") - pi^?(aiA") + c„(5(aiA") - aiA-) 



5(1a")-1a" -pi^'PcaiA" 



+ c„(5(aiA"))-^ 



^ V sign(g)c„(9g) I 



The last two terms exactly cancel because c„ and d are both linear, so 

TTT— r sign{q)cn{dq) ^ Cnd i V sign(g)g 1 = c„aS'(lA") 

and, since S" is a chain map, c„(9S'(1a")) = c„(5(91a"))- Wc therefore have 

dPnW = 0s (5(1a") - 1a" - Pi^?(aiA")) . 
We now invoke Lemma IB. 11 which implies that 

(pi^P(5iA-.)) =p„-i(a0), 

and so 

□ 
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